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Abstract: Cosmological fluids with a Generalized Equation of State (GEoS) are here considered,
whose corresponding EoS parameter ω describes a fluid with phantom behavior, namely ω < −1,
but leading to universes free of singularities at any past or future, finite time. Thus avoiding, in
particular, the Big Bang and the Big Rip singularities, the last one considered to be typical in
phantom fluid models. More specifically, such GEoS fluid cosmologies lead to regular Little Rip
universes. A remarkable new property of these solutions is proven here, namely that they avoid the
initial singularity at early times; therefore, they are able to describe emergent universes. Solutions
of this kind had been studied previously, but only either as late time or as early time solutions; never
as solutions covering both epochs simultaneously. Appropriate conditions are proposed here that
relate the Little Rip cosmologies with the initial regular universe, for the future and past regimes,
respectively. This is done by taking as starting point the conditions under which a given scale factor
corresponds to a Little Rip universe.
PACS numbers: 98.80.Cq, 04.30.Nk, 98.70.Vc
I. INTRODUCTION
Current cosmological observations have established
that the expansion of the Universe is going through a
late time accelerated phase. In the framework of gen-
eral relativity, this acceleration could be produced by
an exotic fluid, called dark energy, which necessarily has
a negative pressure causing an overall repulsive behav-
ior of gravity at large cosmological scales (see, e.g, [1]
- [3] for some reviews). Another issue that emerges
from the cosmological data is that the EoS of this fluid
may be represented in the very simple form ω = P/ρ
(although more complicated EoS are sometimes consid-
ered in the literature), where ω lies very close to −1,
most probably being below −1. For example, the last
Planck results yield ω = −1.03 ± 0.03 for a constant
ω model and assuming a flat universe [4]. On the
other hand, the nine years of WMAP survey in combi-
nation with CMB+BAO+H0 measurements for the flat
space case give ω = −1.073+0.090−0.089, which in combina-
tion with SNe data yields ω = −1.084 ± 0.063 [5]. Fur-
thermore, A. Rest et al. [6], using the 1.5 year mea-
surements of the Pan-STARRS1 project combined with
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BAO+CMB(Planck)+H0 and assuming a flat universe,
have found the value ω = −1.166+0.072−0.069, which is incon-
sistent with the value of −1 at the 2.3σ level. These
results are indicating that a phantom behavior of the
dark energy component cannot be ruled out from cur-
rent cosmological data, rather on the contrary (see [7]
- [10]). As a consequence, if this possibility is taken seri-
ously, an effective approach to describe phantom EoS is
the inclusion of Generalized Equations of State (GEoS).
The study of GEoS for the main fluid component of the
universe has already some history. They were inspired,
to the best of our knowledge, in the particular behavior
of Friedmann models in inflationary scenarios. In order
to extend the range of known inflationary behaviors, Bar-
row [11] assumed that the matter stress has a pressure
p and density ρ that are related by the following model
EoS
P (ρ) = −ρ−Bρλ, (1)
where B and λ are both constant, with B 6= 0. The
standard EoS of a perfect fluid, p = (B−1)ρ, is recovered
when λ = 1. A variation of Eq. (1) was discussed by
Mukherjee et al [12], who considered the form
P (ρ) = Aρ−Bρ1/2, (2)
the case with A = −1, as well as other more general
EoS fluids, having been studied in [13] and [14]. In these
works, cosmological solutions of dark energy models with
generalized fluids were analyzed, focusing in the future
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2expansion of the universe. A late time behavior of a uni-
verse filled with a phantom dark energy component with
an EoS given by Eq. (1) was investigated in [15] and [16],
where the allowed values of the parameters A and B were
constrained using H(z) − z data, a model independent
BAO peak parameter, and a cosmic parameter (WMAP7
data). It is interesting to note that cosmological solutions
of GEoS, in particular the GEoS in (1) and (2), have been
investigated in order to describe both the behavior of the
very early and very late universe regimes. Nevertheless,
the very remarkable fact was nowhere pointed out, that
solutions without a future singularity, such as little rip
solutions, can also represent in the past perfectly regular
solutions, corresponding to emergent or bouncing uni-
verses, and vice-versa. Furthermore, such effective fluid
description is typical for modified gravity [17].
The main aim of this paper is to prove that some solu-
tions, which until now have been discussed as late-time
solutions or as early-time solutions, exclusively, but never
as a solution in both regimes, can in fact give rise to
perfectly valid solutions in both regions, not developing
singularities in the past neither at any finite future time.
We obtain also the mathematical conditions required for
a cosmological solution in order to avoid both past and
future singularities. In particular, we will exhibit exact
solutions, previously found in the literature for late or
for early times only, and which indeed fulfill these condi-
tions. They will be proven to be regular at every time,
except in the strict limit t→∞
The outline of the paper is as follows. In Section II we
obtain the conditions to be satisfied in order to have solu-
tions with a little rip behavior at late time and a regular
behavior at earlier times. In Section III we discuss some
solutions found in previous investigations, either as lit-
tle rip solutions or as early-time regular solutions, under
this new perspective and with a corresponding singularity
analysis. We show how these solutions fulfill the condi-
tions encountered in Section II and, consequently, how
they can be extended to the future, or to the past (de-
pending on the studied case). In other words, they can
be promoted to cosmological solutions without singular-
ities of any sort, neither in the past nor in the reachable
future. In Sections IV and V, we constraint the free pa-
rameters of the models analyzed in Section III with the
supernova Ia data from JLA, and we compare them to
each other and with ΛCDM. Section VI is devoted to con-
clusions and to a final discussion of the new perspectives
opened by these findings. Units where 8piG = c = 1 will
be used throughout this work.
II. CONDITIONS FOR LITTLE-RIP AND
REGULAR EARLY-TIME UNIVERSES
We will here obtain the conditions to be fulfilled by
the scale factor a(t) in order to avoid the initial singular-
ity and late time singularities of the Big Rip type. With
this in mind, we must first understand in detail the evo-
lution of the behavior of the scale factor. To this end, we
take advantage of the proof that appears, in much detail,
in App. A, and which demonstrates that when the flat
FLRW metric is considered with only one dominant fluid
and an EoS with a parameter of state ω < −1/3, then
the only universes without singularities are those of the
Bouncing and of the Emergent types.
Both the Bouncing and the Emergent universes need
the scale factor a(t) to behave as a convex or strictly con-
vex function. This condition is obtained by imposing ω
to satisfy ω < −1/3. The difference between considering
the conditions ω < −1 and ω < −1/3 lies in the pos-
sibility to have Big Rip type singularities in the future,
because if −1/3 > ω > −1 then the Hubble parameter H
is a decreasing function and therefore the Big Rip phe-
nomenon does not occur. Identically, in the presence of
quintessence, singularities of the Big Rip type do not ex-
ist. However, as is well known, in presence of phantom
matter it is indeed possible to have this type of singular-
ities.
In what follows, we will first recall the results previ-
ously found concerning the situations that lead to Little
Rip models. Secondly, we will analyze the conditions in
order to avoid past and future singularities, namely ini-
tial singularities and Big Rip ones. We will then proceed
to match both constraints and to obtain the general con-
ditions that lead to regular universes. Finally, we will
study the behavior of the EoS parameter ω when the
density ρ is equal to zero in the Bouncing models.
A. Conditions for a Little Rip
The conditions under which a dark energy density that
increases with time, with EoS parameter ω < −1, is able
to avoid, in fact, a finite-time future singularity, were
discussed in [18]. Below there is a summary of the main
conditions found.
Assuming that a(t) can be written in the form
a(t) = ef(t), (3)
the condition for this scale factor to be a non singular
function for all t is translated into a non singular func-
tion f(t) (although this last could still tend to −∞, as
is rigorously stated in App. A). Then, the conditions
ω < −1 and ρ > 0 lead to dρ/da > 0, which for f(t)
implies the following restriction
f¨ > 0. (4)
Thus, all Little Rip models with ω < −1 are described by
a scale factor given by an equation of the form (3), with
a non singular function f satisfying Eq. (4). In [18] the
conditions were also considered for the case of a Little
Rip singularity, when both the EoS and the density as a
function of the scale factor ρ(a) are specified, but in our
case we will only need to use the scale factor, a(t).
3It is important to mention that, also in [18], it was
found that the above little rip solutions are consistent
with the ΛCDM bounds, i. e., compliance with the su-
pernovae data force the Little Rip model into a region of
parameter space in which the model resembles ΛCDM.
B. Conditions for Regular Universes
In this subsection we will find the conditions for a uni-
verse that is regular at both early and late times. The
conditions for a Little Rip only consider future times,
while for those here we need, in addition, the early time
conditions. Early singularities show up when the scale
factor satisfies a(t0) = 0, a
t→t0−−−→ −∞, or a t→−∞−−−−→ 0, at
some specific time t = t0. Considering the early singular-
ities and the convexity of the scale factor a(t), it becomes
possible to modify Eq. (3) through a non-negative con-
stant in such a way that the conditions for a Little Rip
are included in the general conditions for a regular uni-
verse to exist at all values of t. Inspired in the Little Rip
Eq. (3), let us consider the following scale factor
a(t) = exp(g(t)) + s, (5)
where g is chosen as a non singular function, in order to
avoid both a singularity of the type a
t→±t0−−−−→∞ and one
of the type a(t0) = 0, and s is a non-negative constant,
in order to avoid singularities of the kind a
t→−∞−−−−→ 0. If
g
t→−∞−−−−→ −∞, then it is necessary to consider s > 0 in
order to get a universe with a minimum spatial size. In
the other case, namely when the function g(t) does not
converge to −∞, it is not necessary to consider a positive
constant s, and it is allowed that s may take the value
zero. Therefore, Eq. (5) represents a scale factor that
avoids both types of singularities: the initial singularity
and the late-time, Big Rip one.
It is compulsory to study now how the condition ω <
−1 leads to the corresponding conditions upon g and s.
In what follows, we will just consider a flat space in the
FLRW metric. Let us start from the Friedmann equa-
tions (
a˙
a
)2
=
ρ
3
, (6)
a¨
a
= −1
6
(ρ+ 3P ) , (7)
P = −2 a¨
a
−
(
a˙
a
)2
, (8)
the conservation equation
ρ˙ = −3
(
a˙
a
)
(ρ+ P ) , (9)
and the one for the EoS parameter ω,
ω =
P
ρ
. (10)
In the case that there exists a point t0 such that P (t0) =
ρ(t0) = 0, then the value of ω(t) at t = t0 will be given
by the following limit
ω(t0) = lim
t→t0
P (t)
ρ(t)
. (11)
In this way, using the restriction ω < −1 and Eq. (9), we
get that
dρ
da
= −3ρ
a
(ω + 1) > 0, for ρ 6= 0. (12)
Since the only possible models are Bouncing or Emergent
universes, then from Eq. (6) one can see that ρ reaches
the value 0 only at the bounce time tb, in the Bouncing
model. In the case of the Emergent universe, the scale
factor is always growing. In this way, using Eqs. (6), (8)
and (10), it becomes possible to rewrite Eq. (12), for the
case ρ(tb) = 0 as
dρ
da
(tb) = lim
t→tb
−3ρ(t)
a(t)
(ω(t) + 1)
= lim
t→tb
− 3
a(t)
[
3
(
a˙(t)
a(t)
)2]
×([
−1
3
− 2
3
a(t)a¨(t)
a˙(t)2
]
+ 1
)
= 6
a¨(tb)
a(tb)2
.
(13)
Thus, the condition
dρ
da
> 0 must be fulfilled at all times
except for the bouncing model if a¨(tb) = 0. Therefore, in
this case the inequality (12) becomes an equality at the
bounce time t = tb. Using Eq. (5) in Eq. (6), we see that
ρ can be expressed as
ρ = 3(a˙/a)2 = 3
(
g˙eg
eg + s
)2
. (14)
As a consequence, the condition
dρ
da
> 0 leads to
dρ
da
= 6
[
g¨e2g + g¨egs+ g˙2egs
]
(eg + s)
3 > 0, (15)
and, finally, we have from Eqs. (12) and (15) that ω < −1
if and only if
eg g¨ + g¨s+ g˙2s > 0, (16)
at all times, except for the time tb in the Bouncing model
if a¨(tb) = 0, in which case the inequality changes into an
equality at the bounce time t = tb. It is to be noted
4that the functions a(t) in Eqs. (3) and (5) are very sim-
ilar except for the constant s. Therefore, if s = 0, the
conditions for a Little Rip universe, and for one that is
non-singular in the past, are the same as those obtained
in Eq. (16) for s = 0. This is the case in most of the
situations considered. Generally, it is easier to represent
a(t) in terms of the function g(t) only, after having taken
the constant s = 0.
In summary, the conditions for a universe that is reg-
ular at all finite times with s = 0 are g¨(t) > 0, t 6= tb,g¨(t) ≥ 0, t = tb. (17)
In the other case, when the constant s > 0, the conditions
for getting a regular universe are
G(t) > 0, t 6= tb,
G(t) ≥ 0, t = tb, (18)
where G(t) = eg(t)g¨(t) + g¨(t)s + g˙(t)2s. The relation
between the function f in Eq. (3) and the function g
with the constant s of Eq. (5), yields
g(t) = ln (exp(f(t))− s) . (19)
Let us now analyze in detail what happens with the
EoS parameter ω when ρ = 0.
C. Criterion for Bouncing universes
Let us suppose that we have a Bouncing universe dom-
inated by a Phantom fluid with ω(t) < −1. Moreover,
assume that, at the time of the bounce, t = tb, the re-
lation P (tb) 6= 0 is satisfied. Then, using Eq. (10), we
obtain that ω(tb) = −∞. Now, if P (tb) = 0, then Eq. (8)
leads to a¨(tb) = 0. Furthermore, from Eqs. (6), (8) and
(10), it comes out that ω(t) is given by
ω(t) = lim
s→t−
2
3
a(s)a¨(s)
a˙ (s)
2 −
1
3
. (20)
To know the value of ω(tb), a property that is con-
sidered in App. B is used, which implies that if f is an
analytic function at t0 such that f(t0) = f˙(t0) = 0, then
limt→t0
∣∣∣∣∣ f˙(t)f(t)
∣∣∣∣∣ = ∞. Considering a˙ as f in the property
of App. B, and using a¨ ≥ 0 in Eq. (20), one reaches the
conclusion that the behavior of ω in t = tb is given by
ω(tb) = −∞. (21)
This result not only says what happens with the EoS
parameter ω at the time of the bounce, but also, and
even more important, whether the scale factor repre-
sent a bouncing or an emergent model. The latter is
because, when the scale factor a represent an emergent
universe, then the EoS parameter ω is a regular func-
tion. Therefore, if at the time of the bounce, tb, ω satis-
fies ω(tb) = −∞, then the model is certainly a bouncing
solution.
We conclude this section with an example that clearly
illustrates this feature. Consider the following scale fac-
tor and its associated EoS parameter
a(t) = et
[
1 + e−2t
]
,
ω(t) = −1− 8e
−2t
3(1− e−2t)2 .
(22)
This solution represents a Bouncing universe without sin-
gularities and with ω < −1; nevertheless, there exists a
point such that ω(tb) = −∞.
III. REGULAR SOLUTIONS OF THE GEOS
In what follows, we will consider cosmological Bounc-
ing and Emergent solutions for a universe filled up with
one exotic fluid, already studied before, and we will prove
how these solutions satisfy the conditions indicated in
Section II. Moreover, we show at the end of the section a
figure that illustrates the initial regularity of the follow-
ing five models.
A. First solution
To start, we restrict the GEoS of the fluid to a partic-
ular case of the general form given in Eq. (1)
P (ρ) = −ρ−Bρ1/2. (23)
The solution for the this GEoS with B > 0 was first
obtained in [11] and was analyzed in [19] as a regular
solution at early time. The late behavior of this EoS
yields a scale factor as a function of the cosmic time,
given by
a(t) = a0 exp
(
−2ρ
1/2
0
3B
)
×
exp
[
2ρ
1/2
0
3B
exp
(
B
√
3
2
(t− t0)
)]
.
(24)
It is necessary to mention that the double exponential
behavior of this solution was previously found for a bulk
viscous source in presence of an effective cosmological
constant [21]. This is a consequence of the inclusion of
bulk viscosity in the Eckart theory, which leads to a vis-
cous pressure Π of the type −3ξH, where ξ is usually
assumed to have the form ξ = ξ0ρ
δ. In this solution,
the asymptotic behavior of the scale factor is a
t→∞−−−→∞,
5and a
t→−∞−−−−→ a0 exp
(
− 2ρ
1/2
0
3B
)
. The Hubble parameter
is given by
H(t) =
ρ
1/2
0√
3
exp
[
B
√
3
2
(t− t0)
]
, (25)
where the above expression indicates that H is a positive
function, with asymptotic behavior described byH
t→∞−−−→
∞ and, H t→−∞−−−−→ 0.
In Fig.1 we show a comparison for the scale factor of
this model with ΛCDM, using the last Planck results [4].
It is important to mention that when the parameter B
is close to 0, the solution is reduced to ΛCDM for late
times, as can be seen in Eq.(23). In Fig.11 we show the
behavior of this solution at early times.
FIG. 1. Plot of the scale factor as a function of H0t for ΛCDM
and the first solution, using the last Planck result. For the
first solution the initial condition a0 = aΛCDM (3/H0) was
used.
1. Emergent and Little Rip solution
As it was discussed in [18] and briefly in Sect. II.A
here, the solution given in Eq. (24) can be written un-
der the form a = ef(t), where in order to avoid the
Big Rip, the function f(t) must satisfy the condition
f¨(t) > 0. Owing to the fact that the minimum value
of a(t) is amin = a0 exp
(
−2ρ
1/2
0
3B
)
> 0, it is possible to
use Eq. (5) taking s = 0. In such case, the function g(t)
is equal to the function f(t), and it can be represented
by
g(t) =
2ρ
1/2
0
3B
exp
(
B
√
3
2
(t− t0)
)
+ ln(a0)− 2ρ
1/2
0
3B
.
(26)
Its second derivative, g¨(t), reads
g¨(t) =
Bρ
1/2
0
2
exp
(
B
√
3
2
(t− t0)
)
, (27)
from where it is concluded that g¨ > 0. Therefore, us-
ing Eq. (17), it turns out that this scale factor leads to
an Emergent regular universe dominated by a Phantom
fluid. In order to check this fact, it is possible to study
the behavior of the EoS parameter ω(t). Using Eq. (24)
in Eq. (20), we get that ω(t) is given by
ω(t) = −1−
B exp
[
−1
2
B
√
3(t− t0)
]
ρ
1/2
0
. (28)
The above equation shows that ω < −1 for all finite
time, and that the scale factor represents an Emergent
universe, because ω(t) is a regular function. Thus, it
always has a phantom behavior and also a de Sitter like
expansion at infinite future time.
FIG. 2. Plot of the parameter of state as a function of H0t.
Both curves are for ρ0 = 1 and t0 = 0. The values of the
free parameters have been chosen, only to clearly expose the
behavior of the parameter of state.
B. Second solution
In the introduction we already mentioned that
Mukherjee et al. took the GEoS given by Eq.(2) and
found for A > −1 and B > 0 a scale factor of the form
a(t) = ai
(
β + eαt
)γ
, (29)
where ai and β are positive constants, α = B
√
3/2 > 0,
and γ = 2/3(A+ 1).
The Hubble parameter is given by Eq. (29), as
H(t) =
αγeαt
β + eαt
. (30)
6From these solutions it is not difficult to see that
a
t→∞−−−→ ∞, a t→−∞−−−−→ aiβγ , H t→−∞−−−−→ 0, and H t→∞−−−→
αγ.
In Fig.3 we show a comparison for the scale factor of
this model with ΛCDM. When the parameter A is close
to −1 and B is close to 0, the solution is reduced to
ΛCDM for late times, as can be seen in Eq.(2). In Fig.11
we show the behavior of this solution at early times
FIG. 3. Plot of the scale factor as a function of H0t for ΛCDM
and the second solution. For the second solution the initial
condition a0 = aLCDM (3/H0) was used.
1. Emergent and Little Rip solution
Owing to the fact that H is always positive during
the cosmic evolution, it is quite straightforward to see
that, for t → ∞, the solution behaves asymptotically
as a de Sitter universe, with H = const., and that no
future singularity exists. The minimum value of a(t) is
amin = aiβ
γ and it is reached in the limit t → −∞.
Therefore, we can use Eq. (5), taking s = 0, and obtain
that the function g(t) (which is now equal to the function
f(t)), is given by
g(t) = ln(ai) + γ ln(β + e
αt), (31)
while g¨(t) reads
g¨(t) =
γβα2eαt
(β + eαt)
2 . (32)
The above equation leads to the condition g¨ > 0. There-
fore, using Eq. (17) one gets that this scale factor leads to
an Emergent regular universe dominated by a phantom
fluid. In order to check this, it is possible to study the
behavior of the EoS parameter ω(t). Using Eq. (29) in
Eq. (20), it turns out that
ω(t) = −1− 2βe
−αt
3γ
. (33)
The above equation shows that, in fact, ω < −1 for all
time and that the scale factor represents an Emergent
universe, because ω(t) is a regular function.
FIG. 4. Plot of the parameter of state as a function of H0t.
Both curves are for β = 1. The values of the free parameters
have been chosen, only to clearly expose the behavior of the
parameter of state.
C. Third solution
A cosmological inhomogeneous GEoS of the form
P (ρ) = −ρ− f(ρ)− ξ(H), (34)
was introduced in [22] (for general review of viscous cos-
mology see [23]). The function f(ρ) is an arbitrary one
and ξ(H) is a general function of H related to the effec-
tive pressure for a fluid with viscosity. In the simple case
ξ(H) = ξ0 =const., and taking f(ρ) = Bρ
1/2, the GEoS
becomes
P (ρ) = −ρ−Bρ1/2 − ξ. (35)
For a flat universe, an exact solution was found in [22]
in terms of the energy density as a function of time. Us-
ing this expression, it is now quite straightforward to
see that an infinite time is needed to reach an infinite
energy density, which correspond to a Little Rip under
viscous conditions. As we are interested in exploring the
behavior of this solution in more detail, we will integrate
Friedmann’s equations in order to find the explicit form
of the scale factor as a function of the cosmic time. Us-
ing the GEoS given in Eq. (35) in the continuity equa-
tion, Eq. (9), and integrating using the initial conditions,
a(t = t0) = a0 and ρ(t = t0) = ρ0, we obtain
a(ρ) =a0
(
Bρ
1/2
0 + ξ
Bρ1/2 + ξ
) 2ξ
3B2
×
exp
[
2
3B
(
ρ1/2 − ρ1/20
)]
.
(36)
From Eqs. (35), (6) and (9) with the same initial condi-
tions as for the scale factor, we obtain the energy density
as a function of the cosmic time, as
ρ(t)1/2 =
exp
[
B
√
3
2 (t− t0)
]
η − ξ
B
, (37)
7where η = Bρ
1/2
0 + ξ, which allows us to introduce in
Eq. (36) the scale factor as a function of time
a(t) = exp
{
2
3B2
[
exp
(
B
√
3
2
(t− t0)
)
η − η
]}
× a0 exp
[
−ξ
√
3
3B
(t− t0)
]
,
(38)
and a Hubble parameter
H(t) =
η
B
√
3
exp
[
B
√
3
2
(t− t0)
]
− ξ
B
√
3
. (39)
From Eqs. (38) and (39) it is possible to compute the
asymptotic behavior of a and H as a
t→∞−−−→∞, a t→−∞−−−−→
∞, H t→∞−−−→∞, and H t→−∞−−−−→ − ξ
B
√
3
.
In Fig.5 we show a comparison for the scale factor of
this model with ΛCDM. When the parameters B and ξ
are close to 0, the solution is reduced to ΛCDM for late,
as can be seen in Eq.(35). In Fig.11 we show the behavior
of this solution at early times.
FIG. 5. Plot of the scale factor as a function of H0t for ΛCDM
and the third solution. For the third solution the initial con-
dition a0 = aLCDM (3/H0) was used.
1. Bouncing and Little Rip solution
As it was pointed out in [22], this solution leads to
a Little Rip for late times, which is straightforward to
see from Eqs. (38) and (39). In order to check our pre-
vious theorem, it is needed that the function f(t) sat-
isfies f¨(t) >, where f(t) is given by a = ef(t). The
minimum value of a(t) is obtained from Eq. (38), as
amin = a0
(
ξ
η
)− 2ξ
3B2
exp
(
− 2ρ
1/2
0
3B
)
when t → tb = t0 +
2
B
√
3
ln
(
ξ
η
)
. Thus, we can use Eq.(5) considering s = 0.
In this case, we obtain that the function g(t) (here again
g = f) is given by
g(t) = ln(a0)− ξ
√
3
3B
(t− t0)− 2η
3B2
+
2η
3B2
exp(
B
√
3
2
(t− t0)),
(40)
and g¨(t) reads
g¨(t) =
η
2
exp
[
B
√
3
2
(t− t0)
]
, (41)
where from it is clear that g¨ > 0. Therefore, using
Eq. (17) the result is that this scale factor leads to a
bouncing regular universe dominated by a phantom fluid.
As this scale factor represents a bouncing universe with
an EoS parameter ω < −1, it is possible to use the above
criterion for a bouncing universe, what exhibits that this
effective EoS parameter ω reaches the value of −∞ at the
time of bounce t = tb. Indeed, using Eq. (38) in Eq. (20),
the effective ω(t) is obtained as
ω(t) = −1−
B2 exp
[
B
√
3
2
(t− t0)
]
(
η exp
[
B
√
3
2
(t− t0)
]
− ξ
)2 , (42)
where it is shown that ω < −1 for all time and that the
scale factor represents a bouncing universe, owing to the
fact that ω(tb) = −∞.
FIG. 6. Plot of the parameter of state as a function of H0t.
Both curves are for ρ0 = 1 and t0 = 0. The values of the
free parameters have been chosen, only to clearly expose the
behavior of the parameter of state.
D. Fourth solution
A scale factor with exponential behavior was studied
in [24], with the exact form
a(t) = a0e
α(t−t0)2n , (43)
8and Hubble parameter
H(t) = 2nα(t− t0)2n−1. (44)
Here a0 and α are positive constants, and n a non-zero
natural number, which affects the features of the bounc-
ing. When n < 1/2 or n is a positive non-natural num-
ber, the bounce is changed into a finite-time singularity,
occurring at t = t0, or into an Emergent universe, with
a = 0 for t→ −∞.
In Fig.7 we show a comparison for the scale factor of
this model with ΛCDM. When the parameter α is close to
H0 and n is close to 0.5, the solution is reduced to ΛCDM
for late times, as can be seen in Eq.(44). In Fig.11 we
show the behavior of this solution at early times.
FIG. 7. Plot of the scale factor as a function of H0t for ΛCDM
and the fourth solution. For the fourth solution the initial
condition a0 = aLCDM (3/H0) was used.
1. Bouncing and Little Rip solution
Eq. (43) exhibits a scale factor a(t) that corresponds to
a Little Rip universe for late times, when n is a positive
natural number. To check this behavior, just as it was
done before, it is necessary that the function f(t) fulfills
the condition f¨(t) > 0, where f(t) is given by the relation
a = ef(t). The time of bounce is reached at t = tb = t0,
with a scale factor taking the value of a(t0) = ab = a0.
With this scale factor, it is possible to study when the
EoS parameter satisfies ω < −1, and its behavior in the
vicinity of the bounce point t0. Since the constant a0 > 0,
it is possible to represent the scale factor (43) by Eq. (5)
with s = 0. In this case, one gets that the function g
(here g = f) is given by
g(t) = ln (a0) + α(t− t0)2n, n ∈ N. (45)
The regularity of g and its derivatives comes from the
fact that n ∈ N. Now, the function g¨(t) reads
g¨(t) = α2n(2n− 1)(t− t0)2(n−1), n ∈ N. (46)
The above equation reveals that g¨ > 0 ∀n ∈ N and
t ∈ R. Therefore, the EoS parameter ω satisfies ω < −1.
Indeed, using Eq. (43) in Eq. (20), we conclude that
ω(t) = −1− (2n− 1)
3nα(t− t0)2n . (47)
This equation corresponds to ω < −1 for all times, and
the scale factor represents a bouncing universe, due to
the fact that ω = −∞ at t = tb = t0.
FIG. 8. Plot of the parameter of state as a function of H0t.
Both curves are for t0 = 0. The values of the free parameters
have been chosen, only to clearly expose the behavior of the
parameter of state.
E. Fifth solution
A power-law behavior for the scale factor was also stud-
ied in [24], yielding in this case the exact form
a(t) = a0 + α(t− t0)2n, (48)
FIG. 9. Plot of the scale factor as a function of H0t for ΛCDM
and the fifth solution. For the fifth solution the initial condi-
tion a0 = aLCDM (3/H0) was used.
9and a Hubble parameter
H(t) =
2nα(t− t0)2n−1
a0 + α(t− t0)2n , (49)
where a0 and α are positive constants, and n is a positive
natural number.
In Fig.9 we show a comparison for the scale factor of
this model with ΛCDM. In this case the scale factor of the
model cannot be matched with ΛCDM at late late times
because this solution is a polynomial function, while in
ΛCDM model the scale factor at late times is an expo-
nential function. In Fig.11 we show the behavior of this
solution at early times.
1. Bouncing and Little Rip solution
Eq. (48) shows a scale factor a(t) that corresponds to
a bouncing regular universe. Now, we are going to check
the Little Rip behavior from the condition f¨(t) > 0. The
time of bounce is reached at t = tb = t0, with a scale
factor taking the value of a(t0) = ab = a0. With this
scale factor, it is possible to study when ω < −1 and the
behavior of ω in the vicinity of the bounce point t0. As
a0 > 0, it is possible to represent the scale factor (48) by
Eq. (5) with s = 0. Thus, the function g (again g = f)
is obtained as
g(t) = ln
(
a0 + α(t− t0)2n
)
, (50)
and the function g¨(t) can also be calculated for the above
equation, and has the following form
FIG. 10. Plot of the parameter of state as a function of H0t.
Both curves are for a0 = 1 and t0 = 0. The values of the
free parameters have been chosen, only to clearly expose the
behavior of the parameter of state.
g¨(t) =
2α(t− t0)2n−1[a0(2n− 1)− α(t− t0)2n]
[a0 + α(t− t0)2n]2
. (51)
In this case, the sign of the function g¨ depends of the
value of a0. This is due to the fact that the domain where
ω < −1 depends on the value of a0. Using the above
equation, one gets that f¨(t) > 0 for t ∈ (t0 − ts, t0 + ts),
with ts = [(2n− 1)a0/α]1/2n. Therefore, ω < −1 if t ∈
(t0−ts, t0 +ts). It is possible to check this result by using
Eq. (20) in order to obtain ω(t), with the result
ω(t) = −1− a0(2n− 1)− α(t− t0)
2n
3αn(t− t0)2n . (52)
We see that the EoS parameter ω at the time of bounce is
ω(t0) = −∞. Moreover, ω < −1 for t ∈ (t0 − ts, t0 + ts),
as is clear from the previous expressions.
FIG. 11. Plot of the scale factors of these five models. The
value of the free parameters has been chosen only to clearly
expose the behavior of these scale factors.
IV. CONSTRAINING THE MODELS TO
SUPERNOVA IA DATA
Now we shall constraint the respective free parame-
ters of the first three Little Rip models studied in the
above section with the observational supernova Ia (SNe
Ia) data. We do not constrain the fourth and fifth solu-
tions, because these solutions are set by hand and do not
have any relevant physics behing, like an equation of state
that originates them. These solutions are being consid-
ered in this paper only as explicit proofs of the linking
between the two domains, as discovered here. To impose
the constraint, we use here the Joint Light curve Analy-
sis (JLA) sample (see [25]), which contains 740 SNe up
to redshift z w 1.3, coming from nine different surveys.
The theoretical distance modulus of SNe is defined as
µth (z, ~p) = 5 log10
[
dL (z, ~p)
Mpc
]
+ 25, (53)
where the vector ~p collects the parameters, i.e., it is built
with the free parameters of each theoretical model, and
dL is the luminosity distance, given by
dL (z, ~p) =
c (1 + z)
H0
∫ z
0
dz′
E (z′, ~p)
, (54)
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FIG. 12. Joint and marginalized constraint of Ωm, for the ΛCDM model, and marginalized constraint of the light-curve
parameters MB , α and β of the JLA sample. The admissible regions correspond to 1σ(68.3%), 2σ(95.5%) and 3σ(99.7%)
confidence level (CL), respectively. The best fit values for each parameter are shown in Table I.
where c is the speed of light given in units of km/s, H0
is the current Hubble parameter for which we consider
the fixed fiducial value of 70[kms−1/Mpc] and E (z, ~p) is
defined by
H (z, ~p) = H0E (z, ~p) . (55)
On the other hand, in the JLA sample the distance
estimator used assumes that supernovae with identical
color, shape and galactic environment have on average
the same intrinsic luminosity for all redshift. This hy-
pothesis is quantified by a linear model as
µ = m∗b − (MB − α×X1 + β × C) , (56)
where m∗b correspond to the observed peak magnitude
in rest frame B band, X1 is the stretch parameter, C
is the color parameter and MB , α and β are nuisance
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FIG. 13. Joint and marginalized constraint of Ωm and Bˆ, for the model presented in the first solution, and marginalized
constraint of the light-curve parameters MB , α and β of the JLA sample. The admissible regions correspond to 1σ(68.3%),
2σ(95.5%) and 3σ(99.7%) confidence level (CL), respectively. The best fit values for each parameter are shown in Table I.
parameters in the distance estimate. So, these last three
parameters have to be computed and marginalized simul-
taneously with the free parameters present in the vector
~p.
To compute the best-fit parameters we use the
Affine Invariant Markov Chain Monte Carlo (MCMC)
method [26], implemented in the pure-Phyton code em-
cee [27] with a likelihood given by the following Gaussian
distribution
L = N e−χ2/2, (57)
where N is a normalization constant. Following [25], the
distance estimate of Eq.(56) can be written in matrix
notation, by forming a matrix A such that
µ = Aη −MB, (58)
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FIG. 14. Joint and marginalized constraint of Ωm, A and Bˆ, for the model presented in the second solution, and marginalized
constraint of the light-curve parameters MB , α and β of the JLA sample. The admissible regions correspond to 1σ(68.3%),
2σ(95.5%) and 3σ(99.7%) confidence level (CL), respectively. The best fit values of each parameter are shown in Table I.
where
η =
((
m∗b,1, X1,1, C1
)
, . . . ,
(
m∗b,n, X1,n, Cn
))
, (59)
A = A0 + αA1 − βA2, with (Ak)i,j = δ3,j+k, (60)
are the n-dimensional vector and the n × n matrix re-
spectively, with n = 740 the number of SNe samples.
Also, the JLA sample provides a covariance matrix C,
which encodes the statistical and systematic uncertain-
ties. Hence, the χ2 function of Eq.(57) has the form
χ2 = (µ (~pJ)− µth (z, ~p))†C−1 (µ (~pJ)− µth (z, ~p)) ,
(61)
where ~pJ = (MB , α, β). This is the expression for χ
2 that
we will use in our MCMC analyses, a function that will
be minimized in order to compute the best-fit values and
confidence intervals. In this procedure, we use for the
13
FIG. 15. Joint and marginalized constraint of Ωm, Bˆ and ξˆ, for the model presented in the third solution, and marginalized
constraint of the light-curve parameters MB , α and β of the JLA sample. The admissible regions correspond to 1σ(68.3%),
2σ(95.5%) and 3σ(99.7%) confidence level (CL), respectively. The best fit values of each parameter are shown in Table I.
vector parameters ~pJ the following priors: −20 < Mb <
−18, 0 < α < 1 and 0 < β < 5.
It is necessary to emphasize that the corresponding
scale factor of each solution is only valid when the matter
density can be neglect in comparison to the dark energy
one. So, for the fit we use Eqs.(6) and (55), adding the
usual matter component, thus
E(z, ~p) =
√
ρm
3H20
+
ρDE
3H20
, (62)
where ρm/3H
2
0 is the matter component, given by the
expression
ρm
3H20
= Ωm (1 + z)
3
, (63)
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and ρDE/3H
2
0 is the dark energy component, which de-
pends of each model, as follows:
i) Considering the relation between the scale factor a
and the redshift z, given by the expression a = (1 + z)
−1
,
then the conservation equation (9) can be written as
dρ
dz
− 3
(1 + z)
(ρ+ P ) = 0. (64)
ii) For the first solution, we consider the equation of
state (23) in order to solve the first-order differential
equation (64) with the initial condition ρ(z = 0) = ρ0,
obtaining the following expression
ρ(z) =
[
ρ
1/2
0 −
3B
2
ln (1 + z)
]2
. (65)
Thus, if we consider that ρ(z) = ρDE(z), then the dark
energy component of Eq.(62) is given by
ρDE(z)
3H20
=
[
(1− Ωm)1/2 − Bˆ ln (1 + z)
]2
, (66)
where we have introduced the dimensionless constants
Bˆ =
√
3B
2H0
and ΩDE =
ρ0
3H20
. (67)
In Eq(66) the constraint Ωm + ΩDE = 1 was used, there-
fore the vector parameters of this model is ~p =
(
Ωm, Bˆ
)
for which we use the priors: 0 < Ωm < 1 and 0 < Bˆ < 1.
iii) For the second solution, the expression for the en-
ergy density, using the equation of state (2) with A > −1
and B > 0, is given by
ρ(z) =
1
(1 +A)
2×{[
(1 +A) ρ
1/2
0 −B
]
(1 + z)
3(1+A)/2
+B
}2
.
(68)
Thus, the dark energy component of Eq.(62) reads
ρDE(z)
3H20
=
1
(1 +A)
2×{[
(1 +A) (1− Ωm)1/2 − Bˆ
]
(1 + z)
3(1+A)/2
+ Bˆ
}2
,
(69)
where we define the dimensionless constants (observe
that A is already dimensionless)
Bˆ =
B√
3H0
and ΩDE =
ρ0
3H20
. (70)
Again, the constraint Ωm + ΩDE = 1 was used, therefore
the vector parameters of this model are ~p =
(
Ωm, A, Bˆ
)
for which we used the priors: 0 < Ωm < 1, −1 < A < 1
and 0 < Bˆ < 1.
iv) For the third solution, it is not possible to obtain an
analytic expression for the energy density as a function of
the redshift, because Eq.(36) is not an injective function.
Therefore, in this case, and for simplicity, we have used
Eqs. (37) and (38) in order to obtain numerically ρ as a
function of a and, consequently, as a function of z. As
initial condition, we used t0 = 0, a(t = 0) = 1, and we
have defined the following dimensionless constants
Bˆ =
√
3B
H0
, ξˆ =
ξ
H20
and ΩDE =
ρ0
3H20
. (71)
Again, the constraint Ωm + ΩDE = 1 was employed, so
that the vector with the parameters of this model reads
~p =
(
Ωm, Bˆ, ξˆ
)
, for which we used the priors: 0 < Ωm <
1, 0 < Bˆ < 1 and 0 < ξˆ < 1. It is important to mention
that, for some values of Ωm, Bˆ and ξˆ, the bouncing could
occur near z = 0, i. e. at present time. Therefore, we
need to impose the physical requirement that the bounce
occurs for, at least, z > 1.4. This last condition actually
eliminates the double value behavior of the solution at
the redshift coming from the JLA sample.
V. RESULTS AND DISCUSSION
All our solutions will be compared with the ΛCDM
model, whose respective E(z, ~p) is given by
EΛCDM (z, ~p) =
√
Ωm (1 + z)
3
+ ΩΛ, (72)
where ΩΛ = 1−Ωm, i.e. the vector of parameters of this
model is again given by ~p = (Ωm). In order to compare
the goodness of the fits, we will use the Akaike Informa-
tion Criterion (AIC), which is defined as
AIC = 2k − 2 ln (Lmax), (73)
where Lmax is the maximum value of the likelihood func-
tion, calculated for the best fit parameters, n is again the
number of SNe sample and k the number of free param-
eters of the model. In addition, we also calculate the
Bayesian Criterion Information, defined as
BIC = k ln (n)− 2 ln (Lmax). (74)
Both the AIC and BIC criteria try to solve the problem
of maximizing the likelihood function by adding free pa-
rameters, resulting in overfitting. To resolve this problem
both criteria introduce a penalization that depends on
the total number of free parameters of our model, which
is higher in the BIC case that in the AIC case, because the
penalization in the first one depends on the natural loga-
rithm of the total observational data. The model favored
by observations, as compared to the other, corresponds
to the one with the smallest value of AIC/BIC. Hence,
we focused our analysis on the BIC criterion, where in
general a difference of 2 − 6 in BIC between the two
15
Model Best fit values Goodness of fit
Ωm A Bˆ ξˆ MB α β χ
2
min AIC BIC
ΛCDM 0.292+0.035−0.032 - - - −19.076+0.022−0.021 0.137+0.006−0.006 3.108+0.083−0.081 692.1 700.1 718.5
First solution 0.347+0.062−0.049 - 0.18
+0.23
−0.13 - −19.082+0.021−0.022 0.137+0.007−0.007 3.11+0.08−0.08 693.1 703.1 726.1
Second solution 0.21+0.13−0.13 −0.307+0.362−0.365 0.503+0.334−0.326 - −19.068+0.022−0.023 0.136+0.006−0.006 3.104+0.081−0.078 692.1 704.1 731.7
Third solution 0.372+0.047−0.052 - 0.249
+0.317
−0.178 0.165
+0.203
−0.119 −19.083+0.022−0.022 0.137+0.006−0.006 3.112+0.077−0.077 693.8 705.8 733.4
TABLE I. Best fit values for each model parameters, ~p, as well as the respective goodness of fit criteria and light-curve
parameters, ~pJ , of the JLA sample. The first row shows the best fit values for the standard cosmological model, ΛCDM; the
second, third and fourth rows correspond to the best fit parameters for the first, second and third solutions, respectively, which
were analyzed in Section III as a regular and Little Rip solutions. We have focused on the Bayesian criterion information in
order to determine the best model to fit the data, and to compare the solutions with the ΛCDM model.
models is considered as an evidence against the model
with the higher BIC, a difference of 6 − 10 in BIC is al-
ready a strong evidence, and a difference > 10 in BIC is
definitely a very strong evidence.
The best fit values for each model as well as the good-
ness of fit criterion are show in Table I. In Figs. 12-15
we depict the joint credible regions of the ΛCDM model
and the first three Little Rip solutions studied here, for
combinations of their respective vectors of parameters ~p
and ~pJ .
As we can see in Table I, the ΛCDM model and the
three solutions that we have tested exhibit a very similar
goodness of fit, as given by the value of χ2min. Even
more, the second solution has exactly the same value of
χ2min than the ΛCDM model, and the first and second
solution differ only in 1 and 1.7, respectively, in the value
of χ2min, in relation with the ΛCDM model. But, the
AIC criterion does show us that, statistically, the ΛCDM
model is the best one, because it has the minimum value
for AIC. Even more, the difference in the AIC between
the ΛCDM and the second solution is 4, i. e., these two
models fit well the supernovae data but the first one is
in fact better than the second. The BIC criterion leads
to this conclusion more clearly. Again, the lowest value
of BIC correspond to the ΛCDM model, followed by the
first solution, whose value of BIC differs from the one
for ΛCDM in 7.6. Thus, in this case we have strong
evidence against the first solution. For the second and
third solutions, we have a very strong evidence against
them.
The important point here is that the three solutions
tested above have higher values in the AIC/BIC tests
than the ΛCDM one, because they have more free pa-
rameters. But, these extra free parameters are added
only in order to obtain a phantom dark energy and not
for improving the fit with the supernova data. Thus,
we conclude that these three models, which represent a
phantom dark energy with a Little Rip behavior at late
time and regular behavior at early time, do fit well the su-
pernova data. Even more, in Fig.(16) we see that these
three models just differ very slightly from the ΛCDM
model, albeit in essence they are actually very different.
Finally, if we focuss on the values of Ωm for the first
and third solutions, we observe that these values remain
in the acceptance region for the value Ωm = 0.315±0.007
given by the latest Planck [4] survey data; but they can
reach values of 0.4 and more. A possible explanation of
this fact is that the free parameters added to the cosmo-
logical constant (in these two cases the EoS is a devia-
tion to the phantom region of the cosmological constant)
allow to obtain an accelerated universe at present time
with a lower value of the dark energy component (see,
for example, [28]).
FIG. 16. Plot of the distance modulus for ΛCDM model sub-
tracted from the distance modulus for the first solution (line),
second solution (dashed) and the third solution (dashed-
dotted). By definition the ΛCDM model is represented by
∆µ = 0.
VI. CONCLUSIONS AND FINAL REMARKS
We have shown in this paper that some previously con-
sidered cosmological solutions for a flat universe filled
with a GEoS with a phantom behavior can actually yield
regular solutions at late times, avoiding Big Rip singular-
ities and fitting well the supernova data, what makes of
them viable models at late times. Additionally, they can
also give rise to early time regular solutions, like emergent
or bouncing universes, without an initial singularity. In
other words, these solutions are regular ones for all time,
except at the (unreachable) asymptotic limit t → ∞,
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provided some very reasonable conditions are fulfilled.
We have also proved that, for the bouncing models of
flat FLRW metric in a phantom regime, the EoS parame-
ter ω associated to the EoS converges to minus infinity at
the time of the bounce, namely that ω (tb) = −∞. This
means that, although the bouncing universes are regular
solutions for the flat FLRW universe, their EoS parame-
ter cannot be defined at the time of bounce as a function
of the cosmological time.
The condition to avoid Big Rip solutions was found
in [18]. We have here extended this criteria in order to
find the conditions that allow to avoid the initial sin-
gularity and the late time singularity of Big Rip type si-
multaneously. This is a most remarkable result. We have
shown that in a flat space dominated by a fluid given by
a GEoS with an EoS parameter ω < −1 in the FLRW
metric, only the Bouncing and Emergent universes are
free from singularities, and that all solutions with a scale
factor that can be written in the form eg(t) +s will repre-
sent Regular and Little Rip Universes if and only if g(t)
satisfies the conditions (17) for s = 0 and (18) for s > 0.
Using those conditions, we have investigated five differ-
ent solutions, which had been previously discussed in the
literature, but always in the context of either their late-
time or early-time behavior only, never in both domains
consistently. The link that can be established, by means
of the above conditions, between the regular solutions oc-
curring at early and late times, respectively, has proven
to be very powerful in extending the procedure to get reg-
ular solutions valid in both regions, simultaneously. The
final result has been, in each case, to produce new cosmo-
logical solutions that are non-singular for all finite time,
a considerable extension of the family of regular solutions
that had been found previously in the literature.
It is worth mentioning that the phantom behavior of all
the solutions considered is a key feature of the method;
indeed, this allows to establish the link found here. The
result, from the physical point of view, is that we now
have a well grounded theoretical model, which explains
the phantom behavior consistently, and which opens the
possibility for a solid description of the early and late
time stages of the universe in a consistent way, with-
out singularities. If the results of the latest astronomi-
cal surveys, which point towards a phantom cosmology,
are confirmed by more precise observations, the impor-
tance of the theoretical models here obtained might be
paramount.
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Appendix A: Proof of non-singularity for ω < −1/3
In this Appendix we prove that in a flat space domi-
nated by a fluid, with EoS parameter ω < −1/3, in the
FLRW metric, the only models without singularities are
the Bouncing and the Emergent ones.
The definition of the EoS parameter ω in Eq. (10) is
used not to discard the case P (tb) = ρ(tb) = 0. Fur-
thermore, ω is required to be defined for all time, except
perhaps at a point where it tends to −∞. In this way,
it is not allowed that ρ can be zero in a whole interval,
even if P is also zero. The next example illustrates a
function ω(t) that is not well defined for all t. Consider
an emergent solution with smooth functions ρ, P and a,
obtained from a scale factor as an Ansatz. The behavior
of the scale factor is constant for t ≤ 0 and exponen-
tial for t > 0, with ω < −1 for t > 0. This behavior is
represented in Fig. 17.a.
(a)Plot of the scale factor as a function of time.
(b)Plot of the parameter of state as a function of time.
FIG. 17. Examples
As we can see, this model is an emergent universe of
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the Little Rip type, where a, ρ and P are of class C∞
and the scale factor is a convex function, thus a¨ ≥ 0. In
this case, ω < −1 for all t > 0, but it is not defined for
values t ≤ 0, since P (t) = ρ(t) = 0 for t ≤ 0. Thus, ρ
cannot be 0 in a whole interval (and therefore neither a˙).
Furthermore, if we demand that ρ ∈ C∞, then the set of
points T such that ρ(t) = 0 must be numerable and the
adherence of any subset Ti of this cannot be equal to the
interval [x, y], for any x, y ∈ R. Otherwise, there would
be intervals in which the function ρ would jump from
the points where it is nonzero to zero discontinuously.
Therefore, at most a numerable amount of points tn may
be considered such that ρ(tn) = 0.
The next is an example that yields the existence of
functions ρ(t) with a numerable infinite quantity of points
where ρ(t) = 0, with ω well defined at all points, and
with the function ρ ∈ C∞. This is a valid solution of
the Friedmann equations and one that avoids any kind
of singularity, yielding an ω well defined for all time,
but one that does not satisfy the condition ω < −1/3.
Consider the energy density as an increasing oscillating
function for t > 0 and with exponential behavior for
t < 0, with ρ(0) = 0. This behavior is represented in
Fig. 17.b. Without further difficulties, it is possible to
see that, then, ω is well defined at all points, and that
ω < −1/3 in some piece of each cycle.
After the above preamble, let us continue with the
proof. Suppose ω < − 13 , and that the set of points T
is such that ρ(t) = 0 is numerable, and the adherence of
any subset Ti of T is not equal to the interval [x, y] for
any x, y ∈ R. Then, there exits at most one point t such
that ρ(t) = 0. Indeed, suppose there would be a pair of
points ta < tb with ρ(ta) = ρ(tb) = 0. By hypothesis, it is
possible to consider that in the interval I = (ta, tb) there
is no other point fulfilling the condition ρ(t) = 0. As ρ is
defined to be non-negative (ρ = 3H2) and ω < − 13 , then
a¨(t) > 0, for any point in I, since ρ+3P = ρ(1+3ω) < 0.
Then, the function a˙ is strictly increasing in I. On the
other hand, ρ(ta) = 0 so that a˙(ta) = 0. Thus, since
a˙ is strictly increasing, it turns out that a˙(ta) < a˙(tb),
therefore a˙(tb) > 0, and then ρ(tb) > 0. But this is a
contradiction, because it is supposed that ρ(tb) = 0. As
a consequence, not more than one point t can exist such
that ρ(t) = 0.
Finally, if ρ is equal to 0 at most at one point, then H
is also equal to 0 at most in that point, and therefore, a˙
too. This last fact and the convexity of a imply that the
only valid models of the Friedmann equation that avoid
the initial singularity are the Bouncing and Emergent
models.
Appendix B: Proof of the criterion for Bouncing
universes
In this Appendix we will prove a property that is used
in Sect. II.C.
If f is an analytic function at t0 such that f(t0) =
f˙(t0) = 0, then limt→t0
∣∣∣∣∣ f˙(t)f(t)
∣∣∣∣∣ =∞. Indeed, without loss
of generality, it is possible to consider t0 = 0, since it
is enough to define g(t) = f(t + t0). Now, as f and f˙
are analytic functions, it is possible to represent them in
terms of their Maclaurin series, namely
f(t) =
∑∞
n=0 αnt
n,
f˙(t) =
∑∞
n=0 αn+1(n+ 1)t
n.
(B1)
Let m ∈ N be the first integer such that αm 6= 0. By
assumption, f(0) = f˙(0) = 0, therefore m ≥ 2. Then the
Maclaurin series of f and f˙ are represented by
f(t) = tm
∑∞
n=0 αn+mt
n,
f˙(t) = tm−1
∑∞
n=0 αm+n(m+ n)t
n,
(B2)
respectively. Finally, applying the limit to
∣∣∣ f˙f ∣∣∣, we reach
the announced conclusion, namely that
lim
t→0
∣∣∣∣∣ f˙(t)f(t)
∣∣∣∣∣ = limt→0
∣∣∣∣ tm−1∑∞n=0 αm+n(m+ n)tntm∑∞n=0 αn+mtn
∣∣∣∣ = limt→0 1|t|m|αm||αm| = limt→0 m|t| =∞. (B3)
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